=

FAZ
Publishing

JCF

Journal of Complex Flow, Vol. 4 No. 1 (2022) p. 19-23

Journal of Complex Flow

Journal homepage : www.fazpublishing.com/jcf

e-1SSN : 2672-7374

12 -

Journal of
Complex Flow

Velocity and Shear Stress Distribution of Laminar Flow
between Parallel Plate by Laplace Transform Approach

Nurul Najihah Nazri, Bukhari Manshoor®”, 1zzuddin Zaman?, Djamal Hissein Didane?, Muhammed Abdelfattah

Sayed Abdelaal®, Mohd Nizam lbrahim*

! Dept. of Mathematical Science, Faculty of Science
Universiti Teknologi Malaysia, Skudai, Johor, MALAYSIA

2 Faculty of Mechanical and Manufacturing Engineering

Universiti Tun Hussein Onn Malaysia, Parit Raja, Batu Pahat, Johor, MALAYSIA

3Engineers House Academy,
Manshiet El Bakry Street, Qesm Heliopolis, EGYPT

4 Maxpirations (M) Sdn Bhd, Sura Gate Commercial Centre,
Jalan Sura Jeti, Dungun, Terengganu, MALAYSIA

*Corresponding Author
Received 16 March 2022;

Abstract: Viscosity is the property of a fluid in which an internal frictional force (viscous force)
produced by intermolecular forces becomes active when the fluid is in motion and opposes the
relative motion of its different layers, just as surface tension is the property of a fluid at rest. When
the different layers of the fluid move at different speeds, this viscous force acts tangentially and
causes a tangential (shearing) stress between the layers of the fluid in motion. In this paper, Laplace
transforms approach is applied in obtaining the velocity distribution and the shear stress distribution
of a unidirectional laminar flow between the stationary parallel plates as well as between the parallel
plates having a relative motion by solving the differential equation describing flow characteristics
of the viscous liquid via Laplace transform method. This paper shows how to use the Laplace
transform to get the solution (velocity distribution and shear stress distribution) without having to
find the general solution of a differential equation describing the flow characteristics equation of
unidirectional laminar flow between parallel plates.
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Viscous fluid.

1. Introduction

Laminar flow is the steady flow of a viscous fluid
over a horizontal surface in the form of layers of different
velocities that do not mix, i.e., the flow of a viscous fluid
in which the fluid particles move in regular and well-
defined paths. It appears that the fluid layers move over
each other seamlessly. Because of the relative velocity
difference between the two layers, tangential (shear) stress
acts on them. Laminar flow is exemplified by seepage
through soils, crude oil flow, and very viscous fluids
flowing through tiny passageways. Fluid characteristics in
directions perpendicular to the fluid flow direction stay
unaltered in such a flow. [1-3].

1.1 Laplace Transform

Laplace transform methods have a key role to play in
the modern approach to the analysis and design of
engineering systems. The stimulus for developing these
methods was the pioneering work of the English electrical
engineer Oliver Heaviside in developing a method for the
systematic solution of Ordinary Differential Equations
(ODE’s) with constant coefficients [4]. Research on the
problem continued for many years before it was eventually
recognized that an integral transform developed by the
French mathematician Pierre Simon de Laplace almost a
century before provided a theoretical foundation for
Heaviside’s work. It was also recognized that the use of
this integral transform provided a more systematic
alternative for investigating differential equations than the
method proposed by Heaviside [5].

*Corresponding author: bukhari@uthm.edu.my
2022 FAZ Publishing. All right reserved.



Journal of Complex Flow, Vol. 4 No. 1 (2022) p. 19-23

The Laplace transform is an example of a class called
integral transforms, and it takes a function f(t) of one
variable ¢t (which we shall refer to as time) into a function
F(s) of another variable s (the complex frequency). The
attraction of the Laplace transform is that it transforms
differential equations in the t (time) domain into algebraic
equations in the s (frequency) domain. Solving differential
equations in the ¢t domain therefore reduces to solving
algebraic equations in the s domain. Another advantage of
using the Laplace transform for solving differential
equations is that initial conditions play an essential role in
the transformation process, so they are automatically
incorporated into the solution [6-10]. The Laplace
transform is therefore an ideal tool for solving initial-value
problems such as those occurring in the investigation of
electrical circuits and mechanical vibrations.

The main idea of this method is to Laplace transform
the constant-coefficient differential equation for f(t) into
a simpler algebraic equation for the Laplace-transformed
function F(s), solve this algebraic equation, and then
transform F(s) back into f(t). The correct definition of
the Laplace transforms and the properties that this
transform satisfies makes this solution method possible.
Schematically, a system may be represented as in Figure 1.

_— ¢ ~
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function of f(t) F(s)
Find the Solve the

solution of f(t) function F(s)

L_l
Fig. 1 — The Laplace transform operator

2. Methodology

We consider a steady and uniform laminar flow of the
viscous fluid between the two flat parallel plates situated
at a perpendicular distance L. Let the distance in which the
fluid is flowing be represented by x and the distance which
is normal to the flow of fluid and parallel to the plane of
paper be represented by z such that the lower plate is
situated at z = 0 and the upper plate is situated at z = L, as
in Figure 2.

Upper plate
I =L
Direction of or
. . —dz |dxdy
viscous fluid (”az )
——l E =—» D
—) Pdydz B oP
—> oy R (P+a—dx)dydz
— FYg[ dxG g
O = A
— rdxdy
I =0
Lower plate

Fig. 2 — Viscous flow between two parallel plates
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To derive the flow characteristics equation of motion
of a viscous fluid, we consider a small fluid element of
length, dx, breadth, dy and height, dz. Due to viscous
effects, there exists a relative velocity between any two
adjacent layers of the viscous fluid due to which tangential
(shear) stress is set up between them. For steady and
uniform flow, there will not be any shear stress on the
vertical faces of the fluid element [11,12]. If the shear
stress on the lower face OAGF of the fluid element is
represented by ¢ and that on the upper face CBDE is
(H%dzj’ then the tangential (shearing) force on the fluid

Z

element is (T +ﬁdzjdx dy —rdxdy = a—de dydz-
oz oz

If the pressure intensity on the face OCEF of the fluid
element is represented by p and that on the face ABDG is

(P+%dej, then pressure force on the fluid element is
X

dedz—(P+a—dejdydz :—a—dedydz :
OX OX

For steady and uniform flow, the acceleration is zero
and hence the sum of the tangential (shearing) force and
the pressure force in the direction of flow of the fluid which
meams the resultant force in the x-direction must vanish.
Thus,

or oP
—dxdydz——dxdydz=0
5, Oxdydz——-dxdy (1)

Since we are concentrating on pressure gradient only
in the direction of flow of fluid, we can replace the partial
derivatives by total derivatives. Hence,

or oP
oz ox @)

This means that the shearing gradient in the direction
normal to the flow of the viscous fluid is equal to the
pressure gradient along the direction of flow of the fluid.
According to Newton’s law of viscosity, the value of shear
stress is given by,

du
ea dz ®)
where du /dz (or be written as U(z) in certain case for
easily arrange the report writing) represents the rate of
change of velocity with respect to z, which means it
represents the velocity gradient in the direction normal to
the flow of fluid and represents the coefficient of viscosity.
By putting equation (3) into the equation (2), we get,
dU dP

#dziz_& (4)

3. Solution of flow Characteristics Equations

We will analyse the laminar flow of viscous fluid
based on following assumptions:
i. The flow is steady and incompressible, and the
properties of the fluid do not vary in the directions
normal to the direction of flow of the fluid.
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ii. There are no end effects of the surfaces on the viscous
fluid.

iii. There is a uniform effective pressure gradient in the
direction of flow of fluid i.e., is a constant in the x—
direction.

iv. There is no relative velocity of the fluid with respect
to the surfaces of the plates.

Now taking Laplace Transform of equation (4), we get,

W[ @-u-v©]-TT (5)

3.1 Laminar Flow Between Stationary Parallel Plates

Considering the flow of fluid between two parallel
fixed plates, the relevant boundary conditions as given
below [9-11]. At z=0and z = L, U = 0 (the velocity is
always zero at the wall). Applying boundary condition at
U(0) = 0, equation (5) becomes,

2 , 1dP
WS-V =< (6)
In this equation, y’(o) is some constant. So, let

substitute y’(0)=c, - Also, since dp/dx is uniform, hence
put dp/dx=-¢ Where 4 is a constant and negative sign

indicates that the pressure of fluid decreases in the
direction of flow of the fluid. By using this relation,
equation (3) can be written as,

2U _ :;¢ U :&_i
ufu@-af-F o va-3—5 @

Taking inverse Laplace transform of equation (7), we
get,

U(z):Clz—%z2 8)

Determination of the Constant, C1

The value of constant, Ci can be determined by
applying boundary condition U(L) = 0, equation (8)
provides,

4
2 #L 9)
Substitute the value of from equation (9) in equation (8) to
get the following equation.

0=c,L-212 o =
2u

_4 $ 2 ¢ 2
U(z)_ZLz—ﬂz _Z(LZ_Z ) (10)

Differentiating equation (10) with respect to z, we get,
' ¢
U'(z)=—(L-2
() 2;1( z)
For maximum velocity, u’(z) =0. Therefore, this will give
a result,

1)

z= 5 (12)

Put the value of z from equation (12) in equation (10), we
get,

21

_L_ 4
max 2u 4 8u

The equations (10) and (12) confirm that the velocity
distribution is maximum at the centre between the
stationary parallel plates and decreases parabolically with
a maximum value at the centre between the fixed parallel
plates to a minimum value at the lower fixed plate as well
as at the upper fixed plate. The shear stress distribution is
determined by the application of Newton’s law of viscosity

as,

(13)

du
T(Z) = ,UE
Using equation (8), we get,
(14)

At z-L/2 i.e., at the mid of the fixed parallel plates,

T(L) ¢(L_2£j:0 i.e., there is no shear stress even

2) 2 2
when there is constant pressure gradient.

At z -0 i.e., at the surface of the lower fixed plate,

7(2) :g(L—Zz)

At z=L i.e., at the surface of the upper fixed plate,
4
L)=—=L
f(L)=-2

For a particular case, when -0, 7(z)=0i.e., there is

no shear stress between the fixed parallel plates if there is
no pressure gradient. The equation (14) confirms that the
shear stress varies linearly in the presence of constant
pressure gradient between the fixed parallel plates with a
minimum value at the midway between the fixed parallel
plates to a maximum value at the lower fixed plate as well
as at the upper fixed plate.

3.2 Laminar Flow Between Parallel Plates with

Relative Motion

Considering the flow of fluid between the parallel flat
plates such that the lower plate is fixed at z = 0 and upper
plate is moving uniformly with velocity U, relative to the
lower fixed plate in the direction of flow of the fluid, we
can write the relevant boundary conditions as given below
[9-11]. Atz=0,U=0andz=L, U =U,.

Applying boundary condition at U(0) = 0, equation
(5) becomes,

u[@-u©)]-- (15)

In this equation, y-(o) is some constant. So, let substitute
U’(0) =C,- Hence, equation (15) become,

2 - C, ¢

sU(z)-Cy |=— or U(@)=—2-—"=

u[ (@)~ | =~ O35

Taking inverse Laplace transform of equation (17), we get,

(16)

U(z):sz—%zz 17
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Determination of the Constant, Cz

The value of constant, C; can be determined by
applying boundary condition U(L) = U,, equation (17)
provides,

¢ 2 Uo ¢
U,=C,L-—L o Cr=—+—L
0=0L2 2 2= 2 (18)

Substitute the value of from equation (18) in equation (17)
to get the following equation.
U(z2) :[U°+¢ sz—quz
L 2u
:U—°z+£( Lz—zz)
L 2u
Differentiating equation (19) with respect to z, we get,

(19)

U’(z):UT°+%(L—22) (20)

For maximum velocity, u’(z) =0. Therefore, this will give

a result,

Loy
2 L¢

Put the value of z from equation (21) in equation (19), we
get,

z (21)

ﬂuoz
24
The shear stress distribution is determined by the
application of Newton’s law of viscosity as,
du
(B)=ng

Using equation (20), we get,

r(z):ﬂEOJr%(L—Zz) (23)

At z-L/2 i.e., at the mid of the fixed parallel plates,

T[L) ¢(L_25):0 i.e., there is no shear stress even

2) 2 2
when there is constant pressure gradient.

At z - /2 i.e., at the mid of the flow passage,

. E :,UUO
2 L

At z=L i.e., at the surface of the upper fixed plate,

(22)

Umax =

r(L)=£e-f0

At z -0 i.e., at the surface of the lower fixed plate,

T(O): 'UIL_JO +§L
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For a particular case, when 4-o, 7(z)=U,/L i€,

the shear stress between the plates is not zero and having a
constant value even if there is no pressure gradient. The
equation (23) confirms that the shear stress varies linearly
in the presence of constant pressure gradient between the
parallel plates having relative motion, and at the midway
between the parallel plates it is equal to the mean of the
values of the shear stresses at the lower fixed plate and the
uniformly moving upper plate.

4, Conclusion

In this present study, we have obtained the velocity
distribution and the shear stress distribution of a
unidirectional laminar flow between stationary parallel
plates as well as laminar flow between parallel plates
having a relative motion by solving the differential
equation describing the flow characteristics of a viscous
fluid via Laplace transform method. As a result, this
method is both interesting and novel, and it demonstrates
how the Laplace transform can be used to obtain the
solution (velocity distribution) of a differential equation
representing flow characteristics without having to find the
general solution. We concluded that in the case of laminar
flow with constant pressure gradient between stationary
parallel plates, the velocity distribution is maximum at the
midway between the parallel plates and decreases
parabolically with maximum value at the midway between
the parallel plates to a minimum value at the lower fixed
plate as well as at the upper fixed plate but the shear stress
varies linearly with a minimum value at the midway
between the parallel plates to a maximum value at the
lower fixed plate as well as at the upper fixed plate. In the
case of laminar flow with constant pressure gradient
between parallel plates having a relative motion, the
velocity distribution is parabolic with a minimum at the
lower fixed plate but the shear stress varies linearly and at
the midway between the parallel plates having a relative
motion it is equal to the mean of the values of the shear
stresses at the lower fixed plate and at the uniformly
moving upper plate, and having a constant value even if
there is no pressure gradient between parallel plates having
a relative motion.
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